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ON ULRICH BUNDLES ON PROJECTIVE BUNDLES
ANDREAS HOCHENEGGER
Abstract. In this article, the existence of Ulrich bundles on projective
bundles P(E) → X is discussed. In the case, that the base variety X is a
curve or surface, a close relationship between Ulrich bundles on X and
those on P(E) is established for specific polarisations. This yields the
existence of Ulrich bundles on a wide range of projective bundles over
curves and surfaces.
1. Introduction
Given a smooth projective variety X, polarised by a very ample divisor
A, let i : X →֒ PN the associated closed embedding. A locally free sheaf F
on X called Ulrich bundle (with respect to A) if and only if it satisfies one
of the following conditions:
• There is a linear resolution of F :
0→ OPN (−c)
⊕bc → OPN (−c+ 1)
⊕bc−1 → · · · → O⊕b0
PN
→ i∗F → 0,
where c is the codimension of X in PN .
• The cohomology H•(X,E(−pA)) vanishes for 1 ≤ p ≤ dim(X).
• For any finite linear projection π : X → Pdim(X), the locally free
sheaf π∗F splits into a direct sum of OPdim(X) .
Actually, by [16], these three conditions are equivalent. One guiding question
about Ulrich bundles is whether a given variety admits an Ulrich bundle of
low rank. The existence of such a locally free sheaf has surprisingly strong
implications about the geometry of the variety, see the excellent surveys
[5, 12].
Given a projective bundle π : P(E)→ X, this article deals with the ques-
tion, what is the relation between Ulrich bundles on the base X and those
on P(E)? Note that answers to such a question depend much on the choice
of a very ample divisor. Here we consider very ample divisors D = π∗A+H,
where H is the relative hyperplane section of π : P(E)→ X. In this case, we
ask when a locally free sheaf of the form π∗F(D) is an Ulrich bundle with
respect to D. By Proposition 3.1, this can be expressed soley in terms of
cohomology vanishing on the base X. If the base variety is a curve, then, es-
sentially as a corollary, we obtain the following statement, see Theorem 4.3
and Remark 4.4.
Theorem A. Let π : P(E) → C be a projective bundle over a smooth pro-
jective curve, and let D = π∗A+H be very ample. Then a locally free sheaf
π∗F(D) is Ulrich if and only if H•(C,F) = 0.
In particular, there are Ulrich line bundles on P(E) with respect to D.
1
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Note that, for any very ample divisor A′ on C, the locally free sheaf F
gives rise to the Ulrich bundle F(A′) on C. This result is a generalisation
of [2, Thm. 2.1], where the existence of Ulrich line bundles on P1-bundles
over curves is shown.
If the base variety is a surface, then the connection between Ulrich bundles
on P(E) and those on the base becomes weaker. There we have the following
statement, see Theorem 5.1 and Corollary 5.7 & 5.15.
Theorem B. Let π : P(E)→ S be a projective bundle over a smooth projec-
tive surface, and let D = π∗A+H be very ample. Then a locally free sheaf
π∗F(D) is Ulrich if and only if
H•(S,F) = 0 = H•(S,F ⊗OS(−D
′),
where D′ = rk(E)A+ c1(E).
In particular, there are Ulrich bundles of rank two with respect to D, if S
is the projective plane or a Hirzebruch surface.
Note that if D′ is very ample on S, the locally free sheaf F(D′) is an
Ulrich bundle on S. So whenever there are Ulrich bundles known on the
surface (for many polarisations), then this implies the existence of an Ulrich
bundle on P(E). By this we generalise results of [17] about the existence
of Ulrich bundles on P1-bundles over certain surfaces. Note that the result
here is not optimal: for example, under specific conditions on the Chern
classes of a locally free sheaf E of rank two, the corresponding P1-bundles
over P2 admits Ulrich line bundles, see [17, Prop. 5.1].
Finally we note that the method presented here may serve to obtain easily
more Ulrich bundles on projective bundles over surfaces different from the
projective plane or a Hirzebruch surface, see also Remark 5.17.
Conventions. Tensor products of a sheaf F and a line bundle OX(D) are
abbreviated as F(D) := F⊗OX(D). Finally, all varieties here will be smooth
and projective over an algebraically closed field of characteristic zero.
Acknowledgements. The author wants to thank Klaus Altmann, Gian-
franco Casnati and Joan Pons-Llopis for useful suggestions and comments.
2. Preliminaries
For the purposes of this work, we recall a cohomological characterisation
of Ulrich bundles.
Definition 2.1. Let X be a smooth projective variety and A a very ample
divisor on X. Then a locally free sheaf F is called Ulrich bundle with respect
to A if
H•(X,F(−iA)) = 0
for i = 1, . . . ,dim(X).
Remark 2.2. If F is an Ulrich line bundle with respect to a very ample A on
a smooth projective variety X of dimension n, then also F∨(KX+(n+1)A).
To see this note that by Serre duality
H•
(
X,F∨(KX + (n+ 1− p)A
)
= Homn−•
(
F∨((n+ 1− p)A),OX
)∨
=
= Hn−•
(
X,F((p − n− 1)A)
)∨
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and use that F is Ulrich. So whenever we construct an Ulrich bundle, we
get automatically a second one.
2.1. Projective bundles. In the following, we collect some facts about
projective bundles, as can be found in [18].
Lemma 2.3. The canonical divisor of a projective bundle π : P(E) → X is
given by
KP(E) = π
∗(KX + c1(E))− rk(E)H,
where H is the relative hyperplane section.
Proof. The relative canonical divisor for π is given by
KP(E) ∼ π
∗KX +KP(E)|X .
By [18, Ex. III.8.4], we have
KP(E)|X ∼ π
∗c1(E)− rk(E)H,
from which follows the statement. 
Lemma 2.4 ([18, Prop. II.7.10]). Let π : P(E) → X be a projective bundle
over a smooth projective variety X with relative hyperplane section H. If A
is an ample divisor on X, then there is an n > 0 such that π∗(nA) +H is
very ample.
Finally, we give the main cohomological ingredient to establish much of
the cohomology vanishing.
Proposition 2.5 ([21]). Let π : P(E) → X be a projective bundle over a
smooth projective variety X. Then there is a semi-orthogonal decomposition
Db(P(E)) =
〈
π∗Db(X) ⊗OP(−nH), . . . , π
∗Db(X) ⊗OP(−H), π
∗Db(X)
〉
,
where n+ 1 = rk(E) and H is the relative hyperplane section.
Remark 2.6. For readers which are unfamiliar with derived categories, we
want to point out the two consequences of the semi-orthogonal decomposi-
tion above.
(1) for coherent sheaves F ,G on X we get
Hom•(π∗F , π∗G(−pH)) = 0
for p = 1, . . . , n. This is the semi-orthogonality of the decomposition,
and is crucial for much of the cohomology vanishing that we will
need.
(2) any coherent sheaf on P(E) has an ‘approximation’ by objects in
the parts π∗Db(X)⊗OP(E)(−pH). Put the other way, we can build
sheaves on P(E) using short exact sequences whose terms are in these
parts, see Example 5.6.
Example 2.7. Just to see this in the simplest case of a Hirzebruch surface
Fr = P(E) with E = OP1⊕OP1(r). There we have two natural candidates for
the relative hyperplane section, namely C± with the property that C
2
± = ±r.
Using a fibre f , we have that C+ ≡ rf+C− and ωFr = O(−(r+2)f−2C−) =
O((r−2)f −2C+). Here we find that π
∗KP1 = −2f and π
∗ det(E) = O(rf).
Plugging all this into Lemma 2.3, we conclude that H = C+. Note that a
divisor D = af + bC+ on Fr is very ample if and only if a, b > 0.
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Finally we remark that Proposition 2.5 is indifferent about the choice
between C− and C+. For this note that OFr(C+) = OFr(C−) ⊗ π
∗OP1(r)
and ⊗ π∗OP1(r) is an autoequivalence of π
∗Db(P1).
3. Projective bundles over arbitrary varieties
In this section, we treat the case of Ulrich bundles on projective bundles
over arbitrary varieties. The following statement will be central for the next
sections, where we specialise to varieties of low dimension.
Proposition 3.1. Let π : P(E) → X be a projective bundle over a smooth
projective variety X, where E has rank n + 1. For a very ample divisor
D = π∗A+H with H the relative hyperplane section and a locally free sheaf
F on X with H•(X,F) = 0, the locally free sheaf π∗F(D) is Ulrich if and
only if
Hom•X
(
Symk E ,F(−c1(E)− (n+ 1 + k)A)
)
= 0
for k = 0, . . . ,dim(X)− 2.
This proposition generalises [17, Thm. 2.1], where essentially this char-
acterisation is given for Ulrich line bundles on projective bundles.
Proof. We abbreviate P := P(E) in the following. By Proposition 2.5, we
have a semi-orthogonal decomposition
Db(P) =
〈
π∗Db(X)⊗OP(−nH), . . . , π
∗Db(X)⊗OP(−H), π
∗Db(X)
〉
.
Let F be a locally free sheaf on X with H•(X,F) = 0. So by the semi-
orthogonal decomposition above we find that
H•(P, π∗F(−iD)) = 0
for i = 0, . . . , n. Note that here dim(P) = n +m, where m = dim(X). So
this is not sufficient to conclude that π∗F(D) is an Ulrich bundle. We need
additionally the vanishing of
H•
(
P, π∗F(−(n + 1 + k)D)
)
.
for k = 0, . . . ,m− 2. By Lemma 2.3 we get
−(n+ 1)H = KP − π
∗(KX + c1(E))
Using this for the above cohomology group we see that
H•(P, π∗F(−(n+ 1 + k)D)) =
= Hom•P
(
OP, π
∗(F(−KX − c1(E)− (n+ 1 + k)A)) ⊗OP(KP − kH)
)
=
= Hom•
P
(
π∗(F(−KX − c1(E)− (n+ 1 + k)A)),OP(kH)[n+m]
)∨
=
= Hom•
P
(
F(−KX − c1(E)− (n+ 1 + k)A), π∗OP(kH)[n+m]
)∨
=
= Hom•X
(
Symk E ,F(−c1(E)− (n+ 1 + k)A)[n]
)
where we use Serre duality two times, adjunction and π∗OP(kH) = Sym
k E ;
see [18, Prop. II.7.11]. From this follows the claim. 
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Remark 3.2. For a locally free sheaf E that splits into line bundles, the
additional cohomology vanishing can be checked more easily in examples.
Let E =
⊕n
i=0O(Di) and π : P(E)→ X, and moreover, let D = π
∗A+H be
very ample. By Proposition 3.1, the additional conditions on a locally free
sheaf F with H•(X,F) = 0 to be Ulrich amount to the vanishing of
H•
(
X,F
(
−
n∑
i=0
Di −
k∑
j=1
Dij − (n+ 1 + k)A
))
for all 0 ≤ i1 < · · · < ik ≤ n.
Question 3.3. Let π : P(E)→ X be a projective bundle and D = π∗A+H
very ample. If G is an Ulrich bundle with respect to D, is there a locally
free sheaf F on X with H•(X,F) = 0, such that G = π∗F(D)? After a
first quick check using the semi-ortogonal decomposition of Proposition 2.5,
it seems that the answer is not obvious.
4. Projective bundles over curves
In this section, we specialise to the question about Ulrich bundles on
projective bundles over curves.
Lemma 4.1. Let C be a projective curve of genus g. Then C admits a line
bundle OC(E) with H
•(C,OC(E)) = 0.
Proof. Let p1, . . . , pg be points on C in general position. Then for the asso-
ciated effective divisor E′ = p1 + · · ·+ pg we find that
r(E′) := h0(C,OC (E
′))− 1 = 0.
This is a consequence of the geometric version of the Riemann–Roch theorem
for effective divisors on curves as found in [4, §I.2].
Consequently, we can choose another point q on C such that that the line
bundle associated to E = E′− q has no global sections. Additionally by the
Riemann–Roch theorem we get that
−h1(C,OC (E)) = h
0(C,OC(E)) − h
1(C,OC(E)) = deg(E) − g + 1 = 0.
Hence OC(E) is a line bundle on C with H
•(C,OC(E)) = 0. 
Remark 4.2. The construction above can be extended in the following way.
Let OC(E) be a line bundle with H
•(C,OC (E)) = 0. By Riemann–Roch,
we see that deg(E) = g − 1. Hence
E = p1 + · · · + pg+l − q1 − · · · − ql+1
for some points pi, qj on C. Note that l ≥ 0, as for l = −1, E would be
effective and therefore H0(C,OC (E)) 6= 0. As in the proof above, a generic
choice of (g+l)+(l+1) points pi, qj yields a line bundle L with H
•(C,L) = 0.
As an application of Proposition 3.1, we get the following statement.
Theorem 4.3. Let π : P(E) → C be a projective bundle over a smooth
projective curve C. Moreover, let D = π∗A+H be a very ample divisor with
H the relative hyperplane section.
A locally free sheaf π∗F(D) is Ulrich on P(E) with respect to D if and
only if F is a locally free sheaf on C with H•(C,F) = 0. In particular, for
any very ample A′, F(A′) is Ulrich with respect to A′.
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Remark 4.4. By Lemma 2.4, very ample divisors of the shape π∗A + H
exist on P(E). Moreover, by Lemma 4.1, there are line bundles L on C such
H•(C,L) = 0. In particular, a projective bundle over a curve admits an
abundance of Ulrich line bundles.
Remark 4.5. The above result generalises [2, Thm. 2.1], where Ulrich
line bundles on geometrically ruled surfaces over curves are classified. Note
that in [2], also Ulrich bundles of rank two are constructed for any given
polarisation of the ruled surface. This uses the Serre construction of locally
free bundles, which does not generalise that easily to higher dimensions.
Finally, in [1] a full classification of Ulrich bundles on Hirzebruch surfaces
for any given polarisation is obtained.
Example 4.6. Let Fr = P(OP1 ⊕ OP1(r)) be the r-th Hirzebruch surface
with r ≥ 0 and let π : Fr → P
1 be the projection. Up to isomorphism, the
only line bundle L on the base P1 with H•(P1,L) = 0 is OP1(−1).
If we denote by f a fibre of π and by C+ the rational curve on Fr with
C2+ = r, then for OFr(f) = π
∗OP1(−1) we find that H
•(Fr,OFr(f)) = 0. Ad-
ditionally, one can check that D = af +C+ is ample, which for smooth pro-
jective toric varieties is equivalent to being very ample. Hence Theorem 4.3
implies that for this polarisation, the line bundles
OFr((a− 1)f + C+) and OFr((r − 1 + 2a)f)
are Ulrich.
For r > 0 these give all Ulrich line bundles, as one can check easily, using
that for the following line bundles L on Fr we have H
•(Fr,L) = 0:
OFr(−f), OFr(if − C+) with i ∈ Z, OFr((r − 2)f − 2C+),
and therefore, the very ample divisor D = af + bC+ with a > 0 and b > 1
does not give rise to any Ulrich line bundle.
For r = 0, we have F0 = P
1 × P1 has two families of line bundles L with
H•(P1 × P1,L) = 0:
OF0(if − f
′), OF0(−f + if
′) with i ∈ Z
where f ′ = C+ is a fibre of the second ruling. Hence given any very ample
divisor af + bf ′ with a, b > 0, we get that
OF0((a− 1)f + (a+ b− 1)f
′) and OF0((a+ b− 1)f + (a− 1)f
′)
are the Ulrich line bundles with respect to D.
Remark 4.7. The exhaustive list of Ulrich line bundles in the above exam-
ple shows that the answer to Question 3.3 is positive in the case of Hirze-
bruch surfaces. Note that in the case of P1×P1, there are Ulrich line bundles
for any polarisation, not just for those of the shape π∗A+H.
The question remains open for projective bundles over arbitrary curves.
5. Projective bundles over surfaces
In this section, we specialise to the question about Ulrich bundles on
projective bundles over surfaces. Later we pay more attention to the case
of the projective plane and Hirzebruch surfaces.
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Theorem 5.1. Let π : P(E)→ S be a projective bundle over a smooth pro-
jective surface S, where E is of rank n+ 1. Moreover, let D = π∗A+H be
a very ample divisor with H the relative hyperplane section.
A locally free sheaf π∗F(D) is Ulrich on P(E) with respect to D if and
only if F is a locally free sheaf on S with
H•(S,F) = 0 = H•(S,F(−D′))
where D′ := (n+1)A+ c1(E). In particular, if D
′ is very ample, then F(D′)
is Ulrich with respect to D′.
This statement generalises [17, Thm. 2.4], where the case of P1-bundles
over surfaces is treated. Recall that by Lemma 2.4, a very ample divisor of
the form D = π∗A+H does always exist.
Proof. This is an application of Proposition 3.1 using that
H•(S,F(−D′)) = H•
(
S,F(−c1(E)− (n+ 1)A)
)
. 
Question 5.2. Already the connection between the ample divisors on a
surface and ample divisors on projective bundles over the surface is quite
complicated, see [20]. So it is not obvious, whether D = π∗A + H (very)
ample implies that also D′ = (n + 1)A + c1(E) is (very) ample, as well.
Examples suggest that this implication is true, but also show that the other
implication is wrong in general, even for n = 1.
On the other hand, by Lemma 2.4, we can choose A positive enough such
that D and D′ are very ample.
Example 5.3. In [17], many more Ulrich bundles of low rank are con-
structed on P1-bundles over several surfaces, obtaining even a full classifica-
tion in those cases of Ulrich line bundles.
5.1. Projective bundles over P2.
Proposition 5.4 ([11, 15]). For d > 0, there are are Ulrich bundles on P2
with respect to OP2(d):
d = 1: direct sums of OP2 ;
d = 2: direct sums of TP2;
d > 2: locally free sheaves of rank at least 2.
Example 5.5. By [16, Prop. 5.9], the cokernel of the following map
Od−1
P2
(d− 2)


x0 x1 x2 0 0
0
0
0 0 x0 x1 x2


−−−−−−−−−−−−−−−−−−−−−−−−−−−−→ Od+1
P2
(d− 1)
is an indecomposable Ulrich bundle of rank 2 on P2 with respect to the
polarisation OP2(d).
In the following example, we present a way how to construct some more
Ulrich bundles of higher rank.
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Example 5.6. A locally free sheaf F ⊗ O(d) on P2 is Ulrich with respect
to O(d) if and only if
H•(P2,F) = 0 = H•(P2,F(−d)).
By Serre duality, the second condition amounts to Hom•(F ,O(d − 3)) = 0.
Using the semiorthogonal decomposition Db(P2) =
〈
O(d−3),O(d−2),O(d−
1)
〉
, we see that the two conditions are equivalent to
H•(P2,F) = 0 and F ∈
〈
O(d− 2),O(d − 1)
〉
.
To obtain such a locally free sheaf F , the easiest way to guarantee the
second condition is to assume that F fits into a short exact sequence
0→ F → O(d− 2)⊕b1
α
−→ O(d− 1)⊕b2 → 0.
Recall that for a surjective morphism between locally free sheaves, the kernel
is automatically locally free. By applying H•(P2, ) to this sequence, we
obtain the triangle
H•(P2,F)→ H•(P2,O(d− 2))⊕b1
H•(α)
−−−−→ H•(P2,O(d− 1))⊕b2
Here we want to ensure that H•(α) is an isomorphism to conclude that
H•(P2,F) = 0. Note that the middle and right term consist only of H0, if
we assume d ≥ 1. In that case, a necessary condition to get that H•(α) is
an isomorphism is that
bi = dimH
0(P2,O(d− i)) =
(
d− i+ 2
2
)
for i = 1, 2. In particular, b1 − b2 = d. For this choice of b1, b2 and d ≥ 2, if
we take α to be generic enough, then H•(α) is an isomorphism, which follows
from the fact that O(1) is globally generated by O⊕3 ։ O(1). Hence, we
obtain an Ulrich bundle F(d) of rank d on P2 with respect to the polarisation
O(d).
Note that in the case d = 2, we obtain the Ulrich bundle
F(2) ∼= ΩP2(3) ∼= TP2
of rank 2 on P2.
Also note that this argument can extended to cover also the case d = 1,
where we end up with the the Ulrich line bundle OP2 .
Finally, in the case d = 3, there is another explicit Ulrich bundle. Starting
from the Euler sequence
0→ ΩP2 → O(−1)
⊕3 → O → 0,
we can take its symmetric square and tensor it with O(3) to get:
0→ Sym2 ΩP2(3)→ O(1)
⊕6 → O(2)⊕3 → 0.
Hence Sym2 ΩP2(3) is contained in
〈
O(1),O(2)
〉
. Moreover, applying H•(P2, )
to this short exact sequence shows that H•(P2,Sym2ΩP2(3)) = 0. For more
details, see for example [19, Proposition 2.4.5], where this sheaf is con-
structed in a completely different context. Hence Sym2 ΩP2(6) is an Ulrich
bundle of rank 3 on P2 with respect to the polarisation O(3).
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The following statement is a consequence of Theorem 5.1, by taking into
account that forD = π∗A+H we can replace A by a more positive divisor, in
order to guarantee that D′ = (n+1)A+c1(E) is very ample, see Lemma 2.4.
Corollary 5.7. Let π : P(E) → P2 be a projective bundle. Then there are
Ulrich bundles of rank two on P(E) with respect to a very ample divisor
D = π∗A+H.
Remark 5.8. This corollary generalises the results from [17, §5] about
Ulrich bundles of rank two on P1-bundles over P2. Note that in [17, Prop.
5.1], it is shown under which restrictions on the Chern classes of E , there
are Ulrich line bundles.
Question 5.9. This is again Question 5.2: IfD = π∗A+H is very ample, do
we have at least in the situation of the theorem above, that D′ = (n+1)A+
c1(E) is very ample? What is the minimal degree dmin of D
′ in dependence of
the possible choices for A? In the case that dmin is always positive, we have
a connection between Ulrich bundles on P(E) and those on P2. In situations
where dmin = 1 is possible, π
∗OP2(−1) ⊗OP(E)(D) would be an Ulrich line
bundle on P(E).
Example 5.10. Let X = (P3)′ be the blowup of P3 in a point. There is
a map π : X → P2, realising X as a projective bundle. More precisely, one
has X = P(E) with E = OP2(1) ⊕OP2 . Here, a divisor D = ah +H is very
ample if and only if a > 0.
By Theorem 5.1, a locally free sheaf π∗F(ah +H) is Ulrich with respect
to OX(ah + H) if and only if F(2a + 1) is Ulrich on P
2 with respect to
OP2(2a+1). For the minimal choice a = 1, we therefore have Ulrich bundles
of rank at least two, see Example 5.5 and 5.6.
Note that for the excluded value a = 0, OP2 is an Ulrich line bundle on P
2
with respect to the very ample OP2(1). Moreover, for F = OP2(−1), the co-
homolgy groups H•(X,L(−pD)) vanish for the line bundle L := π∗F(H) =
OX(H − h) and p = 1, 2, 3. But OX(H) is not (very) ample, so OX(H − h)
is not Ulrich.
For a deeper picture about Ulrich bundles on X, see [8].
Example 5.11. Consider E = OP2(1) ⊕ O
⊕n
P2
and the projective bundle
π : P(E) → P2. Note that X = P(E) is isomorphic to Pn+2 blown up in a
(n− 1)-dimensional linear subspace.
As before by Theorem 5.1, a locally free sheaf π∗F(ah+H) is Ulrich with
respect to OX(ah +H) if and only if F((n + 1)a + 1) is Ulrich on P
2 with
respect to OP2((n + 1)a+ 1). Again, the case a = 0 is not possible, as H is
not even ample, so we conclude that there are Ulrich bundles on X which
have rank at least two.
Remark 5.12. As already noted in the previous two examples, for E =
OP2(1)⊕O
⊕n
P2
, the projective bundle P(E) is isomorphic to the blowup (Pn+2)′
of Pn+2 in a (n−1)-dimensional linear subspace. By [10, Thm. 3.1], there is
also the possibility to construct Ulrich bundles via pullback using the map
(Pn+2)′ → Pn+2.
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5.2. Projective bundles over Hirzebruch surfaces.
Proposition 5.13 ([2]). Let π : Fr → P
1 be the projection of Hirzebruch
surface Fr = P(O ⊕O(r)) to P
1. For any very ample D = ah+ bH, where
h is the pullback of the hyperplane section of P1, there exist
• Ulrich line bundles if and only if b = 1,
• Ulrich bundles of rank two if b > 1
on Fr with respect to D.
Remark 5.14. In [1], Ulrich bundles of arbitrary rank are described as
cokernels of an injective map of split locally free sheaves.
Again as an application of Theorem 5.1, we arrive at the following state-
ment.
Corollary 5.15. Let π : P(E) → Fr be a projective bundle. Then there are
Ulrich bundles of rank two on P(E) with respect to a very ample divisor
D = π∗A+H.
Remark 5.16. For the base variety F0 = P
1 × P1, there are Ulrich line
bundles for any polarisation, so in this case we have even Ulrich line bundles
on P(E).
For base variety Fr with r > 0, the question remains under which con-
ditions on E there are Ulrich line bundles on P(E). Note that in [17, Thm.
5.9], it is shown that there are Ulrich bundles of rank two on a P1-bundle
over F1.
Remark 5.17. The method described in this section, establishes the ex-
istence of Ulrich bundles on projective bundles over a surface, where suf-
ficiently many Ulrich bundles are known. We give a list of such surfaces,
which is far from exhaustive, and some references:
• del Pezzo surfaces: [22, 14];
• K3 surfaces: [13, 23, 3, 9];
• surfaces with pq = 0 and q = 0, 1: [6, 7].
Moreover, most of the results of [17] about Ulrich bundles on P1-bundles
over certain surfaces should allow a generalisation to arbitrary projective
bundles over these surfaces. We leave the search for further Ulrich bundles
to the interested readers.
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